The interest lies here in the behavior of both sides of (1) as r->co. It turns out that both sides tend to infinity, so that K(c, r) is a negligible error-term.
Proofs of the Fundamental Theorems can be found in Hayman's monograph [A] . DEFINITION 
The function

T(r,f)=m(r y f) + N(r,f)
is the (Nevanlinna) characteristic f unction of f(z). In the Nevanlinna theory the characteristic function takes the role played by log MO,/) = log sup | ƒ(*) |
\*\£r
in the older theory of entire functions. T(r, ƒ) is an increasing, convex function of log r tending to oo for every nonconstant ƒ. Unless f(z) is a rational function (2) T(r, f)/log r-x» (r-*°o).
and, for constant a, /?, 7, S,
T(r, (af + p)/(yf + 8)) = T(r,f) + 0(1)
(«5 -£7 * 0). DEFINITION 
The order p of f(z)
is given by p = lim sup (log r(r, /))/log r.
r-*oo
The /<wer order X of ƒ (2) is given by X = liminf (logT(r,/))/logr.
r->oo
For an entire function g(z)
T(r, g) £ log M{r, g)^(R + r)/(R -r)T(R, g) (R>r).
Also, if the lower order X of g satisfies O^X^Sf, then (Ostrowski [52] ; with p in place of X Valiron [67] ) ; (3) lim inf log M(r, g)/T(r, g) g ir\ cosec TTX. 
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For X>f the best-possible value on the right-hand side of (3) is probably 7rX, but this has not yet been proved. However, V. P. Petrenko [57] showed that for every real <j> lim inf log | g(re*+) \ /T(r, g) ^ TTX (X > 1/2), following an earlier paper by A. A. Goldberg [32] where this is proved with p in place of X. Examples of R. E. A. C. Paley [54] show that for every order p there are entire functions with lim sup log M(r, g)/T(r, g) = <*>.
complex numbers. Then
where
is the smoothed counting f unction of multiple points {a point of multiplicity p is counted p -\ times) and
for all r outside a set of finite measure. Uf( z ) i s of finite order, then
is true for all large r.
The term Ni(r) in (4) gives rise to many interesting theorems about multiple values; in this paper it will be sufficient to estimate it by the obvious inequality Goldberg announced an example of a meromorphic function with 6(0, ƒ) = 1, for which 0 is not an asymptotic value.
Conjecture (b) has been thoroughly investigated and disproved in two fairly recent papers by W. K. Hayman [40 ] , [41 ] .
The first counterexample to conjecture (c) was given by A. A. Goldberg who gave an example of a meromorphic function with infinitely many deficient values [24] . His example was moreover of finite order. Later on he refined his construction to show that this order could be chosen arbitrarily small.
Quite recently N. U. Arakelyan [4] proved that there are entire functions of every order p > \ with infinitely many deficient values. The lower bound \ is best-possible: By a well-known theorem of Wiman an entire function g(z) of order <J has the property that I g{r n e ie ) I -» 00 uniformly in 0 as r n -> 00 through a suitable sequence of values. This implies m(r ni c)=0 for every complex c and n>no(c), so that 8(c,j0=0. There is in all probability an analogous theorem for meromorphic functions (now XX'^2), but this has not been proved, to my knowledge. For the case of a finite number of deficient values with sum < 2 the analogue is true (Goldberg [23] ).
The situation becomes much more complicated, if attention is restricted to functions of finite order or of finite lower order. In this case the 8 are subject to further restrictions which are only incompletely known at present. A way of attacking this problem is provided by the following lemma which is a simple byproduct of Nevanlinna's proof of the Second Fundamental Theorem. LEMMA 
(WITTICH [E]). For entire functions of finite order
for meromorphic functions of finite order
Upper bounds for A can therefore be derived from lower bounds of
r->oo
Nevanlinna made the CONJECTURE 1. For every meromorphic function ƒ (z) of order p < <*>
where A <12 is an absolute constant. If f(z) is a meromorphic function of order p and lower order X, then
where k is defined by (7) .
In some special cases the answer to the problem raised at the beginning of this section is known. Quite recently A. Edrei proved the remarkable THEOREM (
c) Each Ck is an asymptotic value off(z).
The analogue of Theorem 6 for meromorphic functions is likely to be: 
The sequence r n depends only on T(r, ƒ), not on the choice of c or rj.
Theorem 13 is the basis of the proofs of Theorems 5 and 8. It also lends support to the following conjecture which was enunciated in a weaker form by Teichmüller [66] . Many generalizations of this theorem are known. The zeros and poles need not be exactly on the lines, it is enough that they are close to the lines (Ostrovskii [Si] ). The radial lines may be replaced by curves of certain types (Edrei and Fuchs [17] ), the angular condition need only be satisfied in some, rather narrow, annuli (Edrei and Fuchs [16] Generalizations to meromorphic functions are given in [42] . 10. There are relations between the deficiencies and the structure of the power series of an entire function. In the case of functions of infinite order a similar theorem may hold with (9) replaced by the condition ^2^/n k < <*>. At present it is only known that under this condition f(z) assumes every finite value infinitely often. Kövari 
